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SUMMARY:

Nonlinear vortex-induced vibration (VIV) performances of a bridge section are investigated in terms of motion
amplitude (y;) dependent energy-trapping properties. Energy-trapping properties of a model undergoing a full-
process from still to a limit cycle oscillation (LCO) state are determined. Nonlinear parameter-amplitude relations
are established. Aerodynamic damping during the VIV lock-in range is separated into the initial damping and the e—
related part which varies with both the reduced wind speed and the motion amplitude. The initial aerodynamic
damping determines the threshold of VIV, while the e—related part dominates the evolution process and the LCO.
The identified nonlinear analytical model is capable of determining VIV responses at higher mechanical damping
ratios. The energy-trapping properties of a section model in time-domain are transformed into nonlinear distribution
properties in space along an elongated 3-D elastic bridge span. According to this “time-space” transformation, the
convection coefficient, which links the maximum response of a 3-D structure with that of a 2-D sectional model can
be determined. The nonlinear model presented reveals significantly larger convection coefficients than existing
methods.
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1. NONLINEARIZED VIV MODEL

For structures being released to vibrate from still, the nonlinear aerodynamic damping ratio is
assumed to be expressed with an initial term &;, plus a motion dependent nonlinear term ¢&,.
Selection of an analytical model can be evaluated by its capability of reflecting the energy-
trapping properties dominating the structure’s motion evolution. It is noted that the motion
evolution here includes not only the final LCO but also the intermediate process. Modelling the
intermediate process entails observing the evolution of the macroscopic damping ratios (negative
£), which evolves with the motion amplitude y(t), and this should be reflected by the adopted
analytical model. Once the evolution of ¢ with y;(t) is obtained, the energy-
trapping/dissipating along a 3-D elastic full bridge span can be determined accordingly.

The equation of motion of a sectional model free to vibration is

my+cy+ky=F, D
where m is the mass or mass moment of the model; ¢ is the mechanical damping coefficient; k is
the structural stiffness; y, y, ¥ are structural displacement, velocity, and acceleration,
respectively.
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An existing model is altered slightly here for basic expression of E,(Scanlan, 1981; Ehsan and
Scanlan, 1990). The work done by the aerodynamic load FE, during a single oscillation period
has been determined to be

2
W, = %pUDLYZ—(; [y2(e*T —1) — syﬁg.%(e‘“w - 1)] 2)

where p is the air density; U is wind speed; D is the reference height; L is the model length; Y; is
a function of U,.; U, = U/Df is the reduced wind speed; y; is the transient motion amplitude;
w is the vibrating circular frequency; 1 = —¢w is an exponential coefficient. T is the motion
period; € is a model parameter to be identified that provides self-limiting property for the system.

On the other hand, the negative work done by the mechanical damping force is

W, = —cy%(:—;(enT -1) 3
According to (2) and (3), the link between & with the motion amplitude y; between is
determined to be
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This relation is able to be determined by a known time history similar to that shown in Fig. 1.
Ina LCO state, Ay = 0, AW = 0, y; = y,, Therefore Eq. (4) becomes
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where y;., isthe LCO amplitude. y,., is a function of mechanical damping. Eq. (5) states that ¢
in a LCO state, denoted here by ¢, is jointly determined by the mechanical damping, the initial
aerodynamic damping, and the final motion amplitude. The calculation of ¢ by Eq. (4) or (5)
implies c;,, being identified first, which can be determined by the foremost cycles of motion as

nmc—mwdéy
h=2 ©)
The part of damping ratio contributed by the aerodynamic loading is determined to be

2
£t ) = UL (7 41 o
The most direct application of the above developed nonlinear model is the prediction of VIV

responses at higher mechanical damping ratios, as shown in Figure 1.

2. PEAK RESPONSE OF A 3D BRIDGE SPAN
The governing equation of VIV motion based on a modal shape function can be given as

G+ 2800 +wq =522 [ 000 |1 (1~ e00 35) ] dx (8)
where q is the generalized coordinate; ¢,(x) is the modal shape function in the vertical
direction. Adjusting Eq. (8) yields
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The final solution of Eg. (9), can be determined by the energy balance principle. Supposing
q(t) = q, sin(wt), the energy balance during a single motion cycle leads to

21 2.2 L 4
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Thus, the LCO amplitude, q,, is obtained as

pUDY, 8meD [y 92(x)dx
Qo = ( 2me Zfsw) pUY, 'f(fz(x)rpiﬁ(x)dx 4y
Eq. (11) is unable to be solved directly because not all parameters that appear on the right-hand
side are determined, due to e(x) being dependent on the motion amplitude, namely qq|@,(x)].
However, the motion amplitude at location x is unknown since q, itself needs to be solved first.
Therefore, an iteration method is required to obtain the final solution. Introducing S, as the ratio
of the maximum response of the 3-D structure to that of the 2-D model, it can be determined as

— QOlfpv,max(x)| — ’ fOL P (x)dx 12
,Bv Yo /1|(pv,max(x)| &o foLe(x)q)f;(x)dx ( )

where 1 is the geometric scale. However, it is noted that 1 applies to transverse VIVs only, and
its torsional response counterpart would always be irrelevant to the geometric scale.
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Fig. 1 VIV motion amplitude predicted for higher mechanical damping ratios
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Figure 2. ‘Time-space’ transformation relationship between the 2-D and 3-D VIV responses



The overflowing phenomena has been observed (see Figure 2), and it indicates that, to predict
the VIV response of a full bridge structure, the mechanical damping ratio & used by the
sectional model must be lower than the targeted value at least to some extent. Compared with the
linear model (Zhang, et al., 2014) resulted S, 1.234, those based on the nonlinear model can be
as large as 2.171 (see Table 1). It is worthy of noting that the mechanical damping in this study is
viewed as a fixed value independent of the motion amplitude. Recent studies indicate, however,
that the mechanical damping of both a section of a full-bridge model varies with motion
amplitude (Tang and Hua, 2019; Xu et al., 2021; Li, et al, 2022). Therefore, a refined
identification of the model parameters should take into account this property in the future.

Table 1. B, calculated from a nonlinear Van der Pol model

£ 10.19 10.41 10.74 11.1 11.39
0.003 Overflowed Overflowed Overflowed Overflowed Overflowed
0.004 1.314 1.315 1.293 1.373 1.393
0.005 1.893 1.381 1.397 1.957 2.171

3. CONCLUSIONS

The core mechanism of the proposed method is concerned with the relation between energy-

trapping property and the motion amplitude, according to which a non-linear VIV model is

established. The following conclusions are drawn:

1) The nonlinear e—y; relation is established, which is able to predict the VIV responses of the
model at higher mechanical damping ratios or to predict the maximum responses of the 3-D
elastic bridge span.

2) Parameter overflowing could occur in a range of a 3-D bridge span when the global energy
balance entails motion amplitudes being larger than the LCO amplitude of the 2-D model.

3) The convection coefficient varies with both the mechanical damping and the reduced wind
speed. The current example shows that the coefficient can be as large as 2.171, which is
substantially larger than the linear-model-based value of 1.234.
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